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Abstrat
The group veloity of gravitational waves in a at Friedman-Robertson-Walker universe is
investigated. For plane waves with wavelength well inside the horizon, and a universe lled with
an ideal uid with the pressure to density ratio less than 1/3, the group veloity is greater than
the veloity of light. As a result, a planar pulse of gravitational waves propagating through the
universe during the matter/dark energy dominated era arrives to the observer with the peak
shifted towards the forefront. For gravitational waves emitted by inspiralling supermassive blak
holes at the edge of the observable universe, the typial shift that remains after the eets of
nonplanarity are suppressed is of order of ten pioseonds.
1 Introdution
Reent eorts in the onstrution of large detetors of gravitational waves based on laser inter-
ferometry (for a review, see [1℄) revived interest in investigations of emission, propagation and
detetion of gravitational waves. Topis that have been studied in some detail in the past in-
lude propagation of weak gravitational waves in a Friedman-Robertson-Walker (FRW) universe
[2, 3, 4, 5℄. The main result is that the waves do not obey Huygens' priniple unless the universe
is lled with pure radiation (so that its salar urvature is zero). Otherwise there appears a 'tail'
in the Green's funtion, oming from the baksattering of waves on the spaetime urvature.
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This ontrasts with the behavior of the eletromagneti waves, whose 'tail', if present, onsists
of pure gauge.
A kinemati harateristi often used in the desription of wave propagation is the group
veloity. Stritly speaking, it is dened for modulated waves only, as the veloity with whih
'wave groups' travel through spae. However, one ommonly speaks of the group veloity of wave
pulses of limited duration, too, referring to the veloity of the peak of the envelope of the pulse.
(For ompat pulses, this an be identied with the signal veloity, dened as the veloity with
whih the main part of the signal arrives to the observer [6℄.) Here we address the question what
is the group veloity of gravitational waves in a at FRW universe. We restrit ourselves to a
at 3-geometry beause it is easier to deal with than a losed or open one, and is preferred by
observations. From the results on the validity of Huygens' priniple it follows that if the universe
is lled with pure radiation, plane gravitational waves advane as a whole with the veloity of
light (along null geodesis with respet to the bakground metri). In this ase the group veloity
is, of ourse, also the veloity of light. For other kinds of osmi environment the group veloity
is presumably dierent; moreover, while the 'tail' of the Green's funtion lays entirely inside the
light one, there is no a priori reason for the 4-vetor of the group veloity to lay inside it, too. A
superluminal group veloity does not imply violation of ausality sine the information arried by
a pulse arrives to the observer with the forefront, whih travels with the veloity of light (as follows
from the Hadamard disontinuity formalism, see [7℄). This is similar to what happens when light
passes through a medium with anomalous dispersion. As demonstrated experimentally, a pulse
of light an propagate, without being signiantly distorted, even with negative group veloity
[8℄. However, no problem with ausality arises sine in a dispersive medium, too, the forefront of
a pulse travels with the veloity of light [6℄.
In setion 2 we ompute the group veloity of gravitational waves using a well-known formula
from optis, in setion 3 we make sure that the formula an be applied to the problem under study,
and investigate its subtleties, within the theory of wave propagation in a time-dependent medium,
and in setion 4 we disuss the results. We use the signature of metri tensor (−,+,+,+) and a
system of units in whih c = G = 1.
2 Group veloity: alulation
Consider weak gravitational waves propagating in a at FRW universe. The bakground metri
is
ds2 = a2
(−dt2 + dx2) ,
2
where t is onformal time, xi are omoving oordinates and a = a(t) is the sale parameter.
Gravitational waves are desribed by the perturbation to the metri of the form
a2eijdx
idxj
where eij is the traeless transversal part of the total perturbation, eii = eij,j = 0. Denote the
derivative with respet to t by an overdote. The linearized Einstein equations without anisotropi
stress yield (see, for example, [9℄)
e¨ij + 2He˙ij −△eij = 0,
where H = a˙/a is the Hubble parameter. After passing from eij to Eij = aeij , one arrives at an
equation in whih the damping term is traded for a term with an external eld. The equation
reads
E¨ij −△Eij + V Eij = 0, (1)
where
V = −H˙ −H2. (2)
Suppose the universe is lled with a perfet uid (possibly, inluding dark energy) and denote
the density of the uid by ρ and the pressure of the uid by p. Then,
H2 =
8π
3
ρa2, H˙ = −4π
3
(ρ+ 3p)a2,
so that
V = −4π
3
(ρ− 3p). (3)
For a mixture of nonrelativisti matter (p ≪ ρ), radiation (p = ρ/3) and dark energy (p = −ρ)
one obtains V ≤ 0, with the equality valid only if the universe is lled with pure radiation. For
Eij , we have a wave equation in at spaetime, with a time-dependent dispersion relation
ω =
√
k2 + V , (4)
where ω is frequeny and k is wave number (the magnitude of the wave vetor). Suppose ω is
real, that is, there holds either V = 0 or V < 0 and k > |V | (the wavelength is less than the
Jeans length). Then, the eld Eij is in an osillatory regime and one an ask how fast does it
propagate. Aording to the textbook formula (see, for example, [10℄), the group veloity in a
medium with an isotropi dispersion relation is v = ∂kω. This yields
v =
k√
k2 + V
, (5)
so that from V ≤ 0 we have v ≥ 1. Note that v = 1/vph, where vph = ω/k is the phase veloity.
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When omputing v, we have ignored the fat that ω depends on t. However, the formula
v = ∂kω, supposed to be valid for ω = ω(k), should stay valid also for ω = ω(k, t) if the period
of the osillations of the eld is muh less than the time within whih ω varies onsiderably.
The period is 2π/ω and the time sale of the variation of ω is ω/|ω˙|, therefore (5) must be
supplemented by the ondition
|ω˙|
ω2
≪ 1. (6)
After inserting here from (4) we nd
k2 ≫ |V |+ |V˙ |2/3.
The universe is dominated rst by radiation, then by matter, and then by dark energy, with the
funtion a(t) subsequently of the form a ∝ t, (t− t0)2 and (t1− t)−1. When using these funtions
to ompute V (t), we nd that in the rst era, as we already know, V = 0, and in the next two
eras V ∼ −∆t−2, where ∆t = t − t0 and t1 − t in the seond and third era respetively. The
time ∆t approximately equals the horizon length, if 'horizon' is understood as partile horizon in
the matter dominated era and event horizon in the dark energy dominated era. For V ∼ −∆t−2
there holds V˙ ∼ ±∆t−3, so that the two terms in the ondition for k are of the same order of
magnitude. As a result, the ondition simplies to
k2 ≫ |V |. (7)
From V ∼ −∆t−2 we nd k ≫ ∆t−1 ∼ (horizon length)−1; thus, in order that a wave paket
propagates with the group veloity (5), its mean wavelength must lay well within the horizon.
For suh pakets, the group veloity is lose to 1, with the orretion of the form
∆v = − V
2k2
. (8)
Light signals (partiles moving along null geodesis with respet to the bakground metri)
have oordinate veloity 1. Thus, the onstraint v ≥ 1 means that the gravitational waves either
propagate with the veloity of light or are superluminal. The former ase ours in the radia-
tion dominated era and the latter in the matter/dark energy dominated era. When ombining
equations (3) and (8), we nd that the group veloity diers from the veloity of light by
∆v =
4π
3
(ρ− 3p)κ−2,
where κ = k/a is the true wave number. For an estimate, suppose the universe is lled with
inoherent dust (p = 0). Then ρ ∼ τ−2, where τ is osmologial time, and the orretion to v is
of order (κτ)−2. As a soure of gravitational waves, onsider a binary system onsisting of two
blak holes with masses M ∼ 106MJ, orbiting around eah other with the period T ∼ 104s.
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(The period drops to this value about a month before the merger.) Suppose, furthermore, that
the system is at the edge of the observable universe, at the distane l ∼ 3 Gp from Earth.
The time it takes for a paket of gravitational waves to propagate from the binary to Earth is
τprop ∼ τ ∼ 10 Gy, and the time by whih the peak of the paket arrives earlier due to the
orretion to v is
∆τ ∼ (κτ)−2τprop ∼ T
2
(2π)2τ
∼ 10−11s.
For a universe with the atual values of osmologial parameters, H0 = 71 km s
−1
Mp
−1
,
Ωm = 0.26 and ΩΛ = 0.74, and a soure with the period T = 1 hour at the redshift of the most
distant quasar, z = 6.4, a detailed alulation yields ∆τ = 6.6× 10−11 s.
3 Group veloity: theory
Consider a eld u satisfying the same equation as Eij ,
u¨−△u+ V u = 0. (9)
This an desribe gravitational waves in an expanding universe as well as light in a homogeneous
time-dependent optial medium. Thus, the following onsiderations are only loosely related to
general relativity; instead, one an view them as a disussion of a speial problem of optis.
3.1 Waves with denite wavelength
Choose u in the form of a plane wave with a denite wavelength propagating along the x-axis,
u = U(t)eikx. The wave number k an now assume any real value, however, for our purposes it
is suient to suppose as before k > 0. From (9) we obtain
U¨ + ω2U = 0, (10)
with the funtion ω = ω(k, t) dened in (4). If we exhange t with x and ω with k, we obtain
an equation for monohromati light in a stati inhomogeneous medium; and if we replae, in
addition, ω by E (the energy of the partile) and k by p (the momentum of the partile), we obtain
Shrödinger equation in one dimension with a modied relation between p and E, p =
√
E2 + V
instead of p =
√
2(E − V ).
For light propagating in a medium with dispersion relation ω = ω(k, t), the high-frequeny
ondition (6) denes the geometrial optis approximation. An analogial ondition is known to
dene quasilassial, or WKB, approximation in quantum mehanis [11℄, and geometrial optis
approximation in a stati inhomogeneous medium in optis [12℄. To obtain an approximate
expression for U , write U = e−iψ and expand the omplex phase ψ in the powers of ω−1. If we
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denote the terms of the order minus one and zero by ψ0 and the terms of the rst order by ∆ψ,
we have (see the orresponding formulas in [11℄)
ψ0 =
∫
ωdt− i
2
logω, ∆ψ = − ω˙
4ω2
− 1
8
∫
ω˙2
ω3
dt. (11)
The signs in these expressions are hosen in suh a way that the wave propagates in the pos-
itive x-diretion. The rst expression determines the osillating eld in the geometrial optis
approximation, and the seond expression an be inluded into the slowly varying amplitude and
regarded as the post-geometrial optis orretion to it.
If the dispersion relation assumes the form (4), the ondition (6) for ω implies the ondition (7)
for k. (This holds irrespetive of the form of V (t). In general, we have also ondition k2 ≫ |V˙ |2/3,
however, it an be skipped if we hoose V ∼ −∆t−2.) With k's satisfying the ondition (7), the
dispersion relation an be written approximately as
ω = k +
V
2k
. (12)
The fat that we have replaed the ondition for ω by the ondition for k suggests that the
onept of geometrial optis approximation must be reonsidered. The small parameter of the
theory is (k∆t)−1, where ∆t is the time sale of the variation of V , rather than (ωδt)−1, where
δt is the time sale of the variation of ω, therefore it is advisable to expand all quantities in
the powers of k−1 rather than ω−1. In partiular, the approximate expression for ω should be
written ω = ω0 + ∆ω, with the frequeny in the geometrial optis approximation ω0 = k and
the post-geometrial optis orretion to it ∆ω = V/(2k). This yields
ψ0 = kt− i
2
log k, ∆ψ =
1
2k
∫
V dt. (13)
The previously obtained expression for ∆ψ does not ontribute here sine it is of order k−3.
Note, however, that it would ontribute if we used osmologial time instead of onformal, sine
then it would be of order k−1.
3.2 Group veloity of a Gaussian paket with innitesimal dispersion
From plane waves with a denite wavelength one an form a planar wave paket
u(x, t) =
∞∫
−∞
a(K)e−iψ(K,t)+iKxdK, (14)
where a is an overall amplitude peaked at the given wave number k and diering signiantly
from zero only in an interval of a size σ ≪ k. Note that the integral ontains modes with all
k's, and we have derived formulas for ψ(k, t) only for k positive and large enough to satisfy the
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high-frequeny ondition. However, the modes with k either positive and small or negative do not
have signiant eet on the results in the limit we are interested in, therefore we an desribe
them by an extrapolated formula for large positive k.
Dene the envelope of the wave paket as the urve |u(x, t)| at xed t, and the group veloity
v as the veloity with whih the peak of the envelope moves along the x-axis. That is,
v = x˙M , (15)
where xM is the value of x at whih the funtion |u(x, t)| has maximum at xed t. To obtain an
approximate expression for v, let us adopt two simpliations. First, onsider a Gaussian paket,
aG =
1√
2πσ
exp
(
−∆K
2
2σ2
)
, (16)
and seond, expand the phase in the powers of ∆K = K − k,
ψ(K, t) = ψ + ξ∆K +
1
2
η∆K2 +
1
6
ζ∆K3 + . . . , (17)
where ψ = ψ(k, t), ξ = ∂kψ, η = ∂
2
kψ, ζ = ∂
3
kψ, . . ., and ompute v in the linear approximation
in whih the expansion is trunated after the ξ-term.
Let U be the funtion obtained by fatorizing out the quikly osillating phase fator from u,
u = e−iψ+ikxU . For a Gaussian paket, U in the linear approximation is
Ulin = e− 12σ
2(x−ξ)2 ,
and its magnitude is
|Ulin| = e− 12σ
2[(x−ξR)
2−ξ2I ],
where the indies R and I denote the real and imaginary part of the quantity in question. We
an see that the wave paket in x-spae is Gaussian, like in k-spae, with the width σx = 1/σ
and the peak loated at
xM = ξR. (18)
For a general time-dependent medium we have
ξ0R =
∫
∂kωdt, ∆ξR = −1
4
∂k
(
ω˙
ω2
+
1
2
∫
ω˙2
ω3
dt
)
.
From the rst expression we obtain the leading term in v, whih is just the standard group
veloity ited in the previous setion,
v0 = ∂kω. (19)
The seond expression yields the orretion
∆v = −1
4
∂k
(
ω¨
ω2
− 3ω˙
2
2ω3
)
. (20)
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For a medium with the dispersion relation (4) we have
ξ0R = t, ∆ξR = − 1
2k2
∫
V dt,
whih yields v = 1+∆v with ∆v given by equation (8). In this ase the group veloity is given,
within the urrent auray, entirely by the formula v = ∂kω.
If we inlude higher order terms into the ∆K-expansion of ψ into the alulation, we obtain
orretions of order σ2, σ4, . . . to U near x = xM , produing orretions of order σ2, σ4, . . . to
xM . Thus, the values of xM and v obtained for a Gaussian paket in the linear approximation
an be viewed as exat values in the limit σ = 0 (vanishing width of the paket in k-spae).
Equivalently, one an speak of the limit σx =∞ (innite width of the paket in x-spae).
3.3 Eets of nite dispersion and nongaussianity
Consider rst a Gaussian paket beyond the linear approximation. To nd the rst orretion
to the expression for xM obtained before may seem trivial, beause if we inlude the η-term into
ψ(K, t), we arrive at an integral that an still be alulated expliitly. However, as shown in the
appendix, the orretion ontains also a ontribution of the ζ-term whih is omparable with the
ontribution of the η-term or greater. After taking into aount this ontribution we nd that
(see equation (A-13) and the omment preeding equation (A-14))
the rst orretion to xM ∼ 1
κ
ηRσ
2,
where κ is a typial interval of k within whih ω varies, κ = ω/|∂kω|. If ∆v is to stay the leading
orretion to v0, the expression on the r.h.s. must be muh smaller in the absolute value than
the orretion to xM from whih ∆v has been omputed,
1
κ
|ηR|σ2 ≪ |∆ξR|. (21)
Of ourse, the ondition is relevant only if the eet of higher orretions to xM oming from
nite σ is negligible; that is to say, if the perturbation theory with small parameter σ an be
employed. The orresponding onditions are summarized in equation (A-11). It turns out that
σ is small enough if it is muh less, at the same time, than 1/|ξI |, 1/
√
|ηR| and κ.
For nongaussian pakets, write the linear part of U as
Ulin =
∞∫
−∞
b(K, t)ei∆KXdK,
where b(K, t) = aeξI∆K and X = x − ξR. The additional orretion to xM , supplementing that
from whih ∆v has been omputed, equals the value of X at whih the funtion |U(X, t)| has
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maximum. Denote this value by XM . Sine b depends on t, XM is expeted to depend on t, too;
and sine t appears in b through ξI , whih has the same physial dimension as XM , the leading
time-dependent term in XM is expeted to be proportional to ξI with a oeient of order 1.
Thus, if one onsiders a generi nongaussian paket and wants ∆v to be the dominant orretion
to v, one must have, in addition to small σ, also small |ξI |. A term proportional to ξI is present
in XM , for example, if the paket has amplitude (1 + α∆K/σ)aG with α = const. Suh paket
has two maxima plaed symmetrially with respet to the enter, loated at the points
XM = ±
[
const+
1
α
ξI +O(σ)
]
. (22)
On the other hand, it is easy to onstrut a wide lass of pakets for whih the time-dependent
part ofXM is exatly zero in the linear approximation. For that purpose, we an use the argument
of [10℄ with exhanged spae and time dimensions. Suppose a equals a real nonnegative funtion
modulo a phase fator with the phase proportional to∆K, a = Aeiq∆K with A ≥ 0 and q = const.
Then
|Ulin|2 =
∫
dKdK ′B(K, t)B(K ′, t) cos[(K −K ′)(X + q)],
where B(K, t) = AeξI∆K , and this has obviously maximum at XM = −q.
A general analysis of nongaussian pakets an be found in the appendix. The estimate of
the time-dependent part of XM in equation (A-12) implies that the onditions under whih ∆v
dominates other orretions to v are
|ξI | and |ηR|σ ≪ |∆ξR|. (23)
In addition to that, one must again satisfy onditions (A-11) in order that the perturbation
theory with small parameter σ is appliable.
In a general time-dependent medium, the quantities entering the onstraints (A-11), (21) and
(23) are of order
∆ξR ∼ 1
κωδt
, ξI ∼ 1
κ
, ηR ∼ ωδt
κ2
. (24)
From these estimates we nd that the perturbation theory is justied only if σ ≪ (ωδt)−1/2κ, and
∆v annot be the leading orretion to v0 for a general paket. However, it beomes the leading
orretion if the paket is Gaussian and has σ ≪ (ωδt)−2κ. Note that an analogial ondition for
a quantum mehanial partile in an external potential, obtained by ipping over spae and time
diretions and identifying wave harateristis with mehanial ones, yields a paket that is muh
larger than the typial distane on whih the potential varies. Thus, the post-WKB orretion
to v has no relevane for the desription of the motion of a quantum mehanial partile in an
external potential.
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For a medium with dispersion relation (4), we must modify the theory slightly in order that
the results of the appendix remain valid. Namely, we must dene the phase ψ in the geometrial
optis approximation in a dierent, and perhaps more natural, way, with omitted log k. This
yields an expression for U stripped of the overall fator 1/
√
k, whih an be regarded as absorbed
into a. Using this 'redued' denition of ψ, and assuming V ∼ −∆t−2, we nd that the relevant
quantities are of order
∆ξR ∼ k−2∆t−1, ξI ∼ k−3∆t−2, ηR ∼ k−3∆t−1, (25)
(The seond estimate omes from ψI = −V/(4k2).) If we also take into aount that κ = k, we
onlude that both sets of onstraints (A-11) and (23) are satised provided σ ≪ k, whih we
have assumed from the very start. Thus, for the 'osmologial' dispersion relation, the quantity
∆v oming from the post-geometrial optis ontribution to ψ is the dominant orretion to v
for all wave pakets whose width in k-spae is small in omparison with the typial value of k.
3.4 Exat solution
To support our onlusions, let us onstrut an exat solution to equation (9). Suppose
V = − 2
t2
. (26)
As seen from (2), V assumes this form for gravitational waves in a dust universe (whih expands
after the law a ∝ t2). First we nd solutions with denite wavelength. If we pass from U to
U/t and from t to kt, (10) transforms into the equation for spherial Bessel funtion with l = 1.
Moreover, we an see from (13) with omitted logarithm that the asymptotis of U for kt≫ 1 is
U = e−i[kt+1/(kt)]. This yields
U = −kth(2)1 (kt) =
(
1− i
kt
)
e−ikt.
Next we form a wave paket with the amplitude KaG/k. The funtion U is
U = [1 + i(p− qs)]e− 12 s2 ,
where s = σ(x−t), p = 1/(kt) and q = σ/k. After inserting this into the ondition ∂s|U|2(sM ) = 0
we nd [
1− q2 + (p− qsM )2
]
sM + pq = 0. (27)
By denition sM = σ(xM − t), therefore the equation for sM determines the worldline of the
peak of the paket x = xM (t). In g. 1 this worldline is depited for k = 1 and σ = 1/3. At
the beginning, the peak of the paket stays within the light one, but then it moves out. This is
onsistent with the sign ∆v assumes at late times aording to (8).
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Figure 1: Gravitational wave paket in a dust universe
3.5 Spherial paket
Consider equation (9) with the soure 4πj. If we ignore the eld V , the solution is
u(0)(r, t) =
∫
1
R
j(r′, t−R)d3x′, (28)
where R = |r− r′|. Suppose the soure is nonrelativisti. In the wave zone, u(0) an be written
as
u(0)
.
=
1
r
(f + n . g˙) +
1
r2
n . g, f =
∫
j(r′, τ)d3x′, g =
∫
j(r′, τ)r′d3x′,
where τ = t− r and n = r/r. The magnitude of u(0) is
|u(0)| .= 1
r
(|f |+ n . G1) + 1
r2
n . G, G =
1
|f |Re(fg
∗), G1 =
1
|f |Re(f g˙
∗).
We are interested in the radial oordinate r
(0)
M at whih |u(0)| has maximum for the given diretion
of the propagation of the paket n. To ompute this quantity, we expand the derivative
∂r|u(0)| .= −1
r
(
|f |˙ + n . G˙1
)
− 1
r2
(
|f |+ n . G1 + n . G˙
)
around rM = t − τM, where τM is the value of τ at whih the funtion |f | has maximum. In
fat, we an put r = rM in the argument of all funtions exept for |f |˙, whih we must expand
up to the rst order in ∆r = r − rM. After replaing rM by t we obtain
∆r
(0)
M =
1
|f |M¨
[
n . G˙1M +
1
t
(
|f |M + n . G1M + n . G˙M
)]
, (29)
where the index M indiates that the quantity in question is to be taken at r = rM (or,
equivalently, at τ = τM). By dierentiating this with respet to t we nally nd that the
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orretion to the group veloity oming from the nonplanarity of the wave paket is
∆v(0) = − 1|f |M¨t2
(
|f |M + n . G1M + n . G˙M
)
. (30)
To estimate the dominant term, note that |f |M¨ ∼ −|f |M/σ2r , where σr is the dispersion of the
paket in the radial oordinate. This yields
∆v(0) ∼ σ
2
r
t2
.
We an see that the group veloity of the radiation emitted by a ompat soure is superluminal
even without a time-dependent medium, merely due to the fat that the fator 1/r shifts the
maximum of the envelope of the paket the more bakwards the loser the paket to the soure.
This is demonstrated in Fig. 2.
u
r
       CENTER 
OF THE PACKET
    SHIFT 
DUE TO 1/r
Figure 2: Superluminal veloity of a spherial wave paket
If we put the eld V bak into the wave equation, we obtain, in addition to ∆v(0), another
ontribution to the group veloity ∆vV . As we shall see, nonplanarity has signiant eet on
the propagation of the paket, but in relation to ∆vV we an make use of the fat that in a
suiently small domain any spherial wave an be replaed by planar, and identify ∆vV with
the ontribution to the group veloity ∆v omputed before. To estimate the relative size of the
orretions ∆vV and ∆v
(0)
, onsider again, as in setion 2, a dust universe. Then ∆vV ∼ (kt)−2,
and sine the dispersion in x-spae σr equals approximately the inverse of the dispersion in
k-spae σ, we have
∆vV
∆v(0)
∼ σ
2
k2
≪ 1. (31)
From (30) we an estimate the next-to-leading term in ∆v(0) as ∆v
(0)
next ∼ vs∆v(0), where vs is
the typial veloity with whih the parts of the soure move with respet to eah other. This
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yields
∆vV
∆v
(0)
next
∼ σ
2
vsk2
. (32)
The leading term in ∆v(0) is determined by the form of the paket in the viinity of the peak
of the envelope, and an in priniple be established by the loal measurement of the osillating
eld. Thus, ∆vV an be found from loal data if it dominates ∆v
(0)
next, whih is the ase if the
veloity of the internal motion of the soure is small enough, vs ≪ σ2/k2.
4 Conlusion
When inspeting the equation for gravitational waves in an expanding universe, one immediately
observes that the group veloity predited by it is superluminal provided the pressure to density
ratio is less than 1/3 (whih is surely the ase in our universe) and the typial wavelength of the
waves lays well within the horizon. The positive sign of the additional veloity ∆v is entirely the
onsequene of the negative sign of the 'external eld' V , whih in turn reets the fat that for
gravitational waves there exists a nite Jeans length of order of horizon length. Note that for
eletromagneti waves, ∆v is exatly zero. The reason is the onformal invariane of Maxwell
ation in four dimensions, whih prevents the intensity of the eld from having 'tails' inside the
light one; for details, see [3℄. To support our alulation of ∆v, we have performed a detailed
analysis of wave propagation in a time-dependent medium. The value of ∆v proved orret for
plane waves, and one would expet that it will be automatially orret for spherial waves, too,
sine group veloity is a loal harateristi and spherial waves are loally equivalent to plane
ones. However, the eet is so small that the eets of nonplanarity turn out to be substantially
superior to it. For gravitational waves oming from astrophysial soures, the net time shift ∆τ
aused by ∆v is at best of order of 10 ps. Suh a short time would be surely hard to measure even
if its beginning and end were dened by single events, whih they are not. To determine ∆τ , one
should reonstrut the envelope of the pulse in the viinity of the peak with an error less by many
orders of magnitude than the period of the pulse; alulate the position of the peak relative to
the forefront at the moment of the formation of the pulse with the same auray; and separate
out the eets of nonplanarity. A prinipal obstale to the rst step seems to be that in order to
arry it out, one needs to know the imaginary part of the osillating eld, whih is an auxiliary
objet inaessible to the measurements. However, the analysis in the appendix suggests that
the omplex eld an be reonstruted from the data by a suitable approximate proedure, most
simply, by determining the Fourier oeients of the real eld seen in the experiment and making
use of the oeients with positive k's only. While this would typially produe a muh greater
error than the measured eet, only the time-independent part of the position of the peak of
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the envelope (the quantity s0 in the notations of the appendix) would be aeted. Obviously,
there is no hope that the outlined proedure to measure ∆τ ould sometimes be arried out in
pratie. Nevertheless, we believe that the eet is still of some interest sine it ontributes to
our understanding of how the propagation of gravitational waves is aeted by the expansion of
the universe.
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A Propagation of planar wave pakets
A general planar wave paket in a time-dependent medium is desribed by the integral
U =
∞∫
−∞
a(K)e−i∆ψ+i∆KxdK, (A-1)
where
∆ψ = ψ(K, t)− ψ = ξ∆K + 1
2
η∆K2 +
1
6
ζ∆K3 + . . . , ∆K = K − k. (A-2)
Introdue the Fourier transform of a,
α(s) =
∞∫
−∞
a(K)ei∆KsdK.
If we write the exponential funtion in the expression for U as
e−i∆ψ+i∆Kx = ei∆KX
(
1− i
2
η∆K2 − i
6
ζ∆K3 + . . .
)
,
where X = x− ξ, we nd
U = α+ i
2
ηα′′ +
1
6
ζα′′′ + . . . ,
where the funtions α, α′′, . . . are taken at the (omplex) value of the argument s = X . Next,
we expand the funtions α, α′′, . . . around the point s0 at whih |α| has maximum. This yields
U = A0 +A1∆X + 1
2
A2(iη +∆X 2) + 1
6
A3(ζ + 3iη∆X +∆X 3) + . . . , (A-3)
where An is the nth derivative of α at s = s0 and ∆X = X − s0. Suppose a(K) is of the form
f(∆K/σ)/σ, where |f | has maximum of order 1, f(u) is signiantly dierent from zero only in
the interval |u| . 1, and the derivatives of f obey |f (n)(u)| . 1 everywhere in the interval |u| . 1.
For a large lass of suh funtions (for example, for Gaussian funtions with the dispersion of
order σ multiplied by appropriately normalized, but otherwise arbitrary polynomials), α(s) is of
the form f˜(σs), where f˜(u) has the same properties as f(u). Then, the oeients in the sum
(A-3) an be estimated as
An = f˜
(n)(σs0)σ
n ∼ σn,
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and the sum is in fat a power series in σ. The real part of the shift ∆X is ∆X = X − s0, where
X = XR = x − ξR. Here, as in setion 3, we denote by R and I the real and imaginary part of
the quantity in question. If we pass from ∆X to ∆X in the expression for U , we obtain a series
U = u0 + u1∆X + u2∆X2 + . . . , (A-4)
with eah oeient itself a series,
un =
1
n!
∞∑
m=0
An+mψm, ψ0 = 1, ψ1 = −iξI , ψ2 = 1
2
(iη − ξ2I ), ψ3 =
1
6
(ζ + 3ξIη + iξ
3
I ), . . .
(A-5)
We are interested in the shift of the peak of the wave paket XM = xM −ξR. This an be written
as XM = s0 +∆XM , where ∆XM is the value of ∆X at whih the funtion |U|2 has maximum
at xed t. Extrema of |U|2 are zeros of the funtion
∂x|U|2 ∝ U0 + U1∆X + U2∆X2 + . . . , Un =
n∑
m=0
(n+ 1−m)(umu∗n+1−m)R.
For small enough σ we expet |U| to be lose to |α| at X ∼ s0. Then, the value of ∆XM an be
found by solving the equation U0 + U1∆X + U2∆X
2 + . . . = 0 iteratively,
∆X
(1)
M = −
U0
U1
≡ ∆, ∆X(2)M = ∆−
U2
U1
∆2, ∆X
(3)
M = ∆−
U2
U1
∆2 −
[
U3
U1
− 2
(
U2
U1
)2]
∆3, . . .
The quantities Uk are generially of order σ
k+1
, exept for U0 whih is of order σ
2
. Indeed,
U0 = (u0u
∗
1)R = (A0A
∗
1)R +O(σ
2),
and if we x, for the sake of simpliity, the overall phase of α so that α(s0) is real, we nd that A0
is real and A1 purely imaginary. From the estimate of Uk it follows that the term proportional
to ∆n in the iterative expression for ∆XM is generially of order σ
n−1
, so that the proedure is
meaningful for small enough σ. Finally, we expand all terms entering ∆XM in the powers of σ
to obtain
∆XM = XM0 +XM1 +XM2 + . . . , XMn ∼ σn. (A-6)
Note that s0 is generially of order 1/σ (the width of the wave paket in x-spae), therefore a
power series for ∆XM denes a power series for XM , too, but starting with a term of order minus
one rather than zero. If we write
U0 = A+∆A+ . . . , U1 = B +∆B + . . . , U3 = C + . . . ,
where A, B are of order σ2 and ∆A, ∆B, C are of order σ3, we nd that the rst two terms in
the expansion of ∆XM are
XM0 = −AB ≡ δ, XM1 = −
1
B (∆A+∆Bδ + Cδ
2). (A-7)
15
(We do not onsider the ase B = 0 whih requires a separate disussion.) The expressions
for ∆A, ∆B and C are obtained from the expansions of rst few u's in the powers of σ. A
straightforward omputation yields
A = A0A2IξI , B = A0A2R +A21I , ∆A = −
1
2
A0[A3R(ηI + ξ
2
I ) +A3IηR] +
1
2
A1I×
×[A2RηR −A2I(ηI − ξ2I )], ∆B = (A0A3I −A1IA2R)ξI , C = 12 (A0A3R + 3A1IA2I). (A-8)
Note that only ξ and η (the rst and seond derivative of ψ) appear here, although ζ (the third
derivative) is to be inluded, too, into the formulas for U and |U|2, if one writes them with the
auray needed for the alulation of ∆XM up to the term XM1. The point is that ζ enters
only the term independent on ∆X in |U|2 and therefore plays no role in the extremization. Note,
furthermore, that if A2I is zero (the phase of the funtion α has zero seond derivative at the
maximum of |α|), XM0 is zero and∆XM is at least of order σ. For this lass of pakets, ∆XM an
be made arbitrarily small by shrinking the paket in k-spae. To understand why A2I rather than
A1I determines XM0, note that A1I an be adjusted arbitrarily by shifting the paket in k-spae.
But the shift of the paket by the distane q results only in multipliation of Ulin = α(X ) (the
funtion U in the linear approximation) by the fator eiqX , whih has no eet on the position
of the peak of |Ulin| at xed t. Thus, we an hange A1I without hanging XM in the linear
approximation; and sine the linear approximation is all what is needed to determine XM0, the
value of XM0 annot depend on A1I .
An important speial ase is the Gaussian wave paket (16). The Fourier transform of a
Gaussian amplitude is again Gaussian,
αG =
√
2πσ exp
(
−1
2
σ2s2
)
.
Sine this is real, all imaginary A's vanish; and sine this is an even funtion of s, with the
maximum at the origin, s0 = 0 and all odd A's vanish, too. This implies that XM0 = XM1 = 0
and the leading term in ∆XM as well as in XM is XM2. For an arbitrary paket with real nonzero
A0, A2, A4, . . . and zero A1, A3, . . . we have
U0 = (u0u
∗
1)R =
1
6
A0A4(ζR + 3ξIηR) +
1
2
A22ξIηR + . . . , U1 = 2(u0u
∗
2)R + |u1|2 = A0A2 + . . .
If we insert here the A's for a Gaussian paket, A2ν = (−1)ν(2ν − 1)!!σ2ν , and use the resulting
U0 and U1 in the formula XM = −U0/U1 + . . ., we nd
XM2 =
(
ξIηR +
1
2
ζR
)
σ2. (A-9)
Note that the rst term an be obtained also from the analytial expression for U in the quadrati
approximation, with the ∆K-expansion of ψ trunated after the η-term. In this approximation,
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U an be found from the formula for Ulin written down in setion 3, by replaing
1
σ2
→ 1
σ2
+ iη.
This yields
|U| = 1√
A
e−
1
2A2
σ2[a(X2−ξ2I )−2ξIηRσ
2X],
where a = 1 − ηIσ2 and A =
√
a2 + η2Rσ
4
. The wave paket is Gaussian as in the linear
approximation, but with a time-dependent width σx = A/(
√
aσ) and the peak shifted by XM =
ξIηRσ
2/a. Within the urrent auray, the fator 1/a in the expression for XM plays no role.
Thus, XM eetively equals the rst term on the right hand side of (A-9) as mentioned above.
Let us nd onditions under whih our perturbative approah is appliable, and estimate the
time-dependent part of XM . We are interested in this part only, beause we wish to ompare
dierent ontributions to v = x˙M rather than to xM . If we use the redued denition of ψ,
with whatever fator in ω depending only on k removed from the term proportional to logω, the
time-dependent part of XM is just ∆XM . (If we left suh fator in ω, we would have to skip
from XM , in addition to s0, also a part of XM0.) As demonstrated in previous alulations, the
term XMn in the expansion of ∆XM is a sum of produts
ξν1II η
ν2R
R η
ν2I
I ζ
ν3R
R ζ
ν3I
I . . . ψ
(n+1)νn+1,R
R ψ
(n+1)νn+1,I
I σ
n,
∑
mA
mνmA = n+ 1,
multiplied by oeients of order 1. For the real and imaginary part of the nth derivative of ψ
we have ψ
(n)
R ∼ ηˆR/κn and ψ(n)I ∼ ξˆI/κn, where ξˆ = ξκ, ηˆ = ηκ2 and κ is the sale of k on whih
ω varies. Thus, if p(νR,νI) is the sum of terms in XMn with given νR =
∑
νmR and νI =
∑
νmI
suh that n′ = 2νR + νI ≤ n+ 1, we have
p(νR,νI) ∼ ξˆνII ηˆνRR
σn
κn+1
. (A-10)
Rewrite this as
p(νR,νI ) ∼
[
ξI(ξIσ)
νI−1(ηRσ
2)νR or ηRσ(ξIσ)
νI (ηRσ
2)νR−1
](σ
κ
)n+1−n′
,
where the rst expression is to be used if νR = 0, the seond expression is to be used if νI = 0,
and both expressions are equally good if νR 6= 0 as well as νI 6= 0. As an be seen from this
estimate, we must require
|ξI |σ ≪ 1, |ηR|σ2 ≪ 1, σ
κ
≪ 1, (A-11)
in order that the parameter σ an be onsidered small. This guarantees that all p(νR,νI), as
well as their sum XMn, are suppressed the more the higher the value of n. In partiular, if all
three parameters in (A-11) are of the same order ǫ, p(νR,νI ) and XMn are of order ǫ
n
. In the
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perturbation theory we an estimate the quantity of interest by the leading term, or terms, of
the expansion in the small parameter of the theory. For a general paket, the estimate of p(νR,νI )
as well as the expliit expressions for XM0 and XM1 suggest that the leading terms in ∆XM are
∆XM ∼ ξI + ηRσ. (A-12)
For a Gaussian paket, XM in the lowest nonzero order in σ is
XM2 ∼
(
ξI +
1
κ
)
ηRσ
2. (A-13)
Any term in XM that annot be obtained from these two by multiplying them by some produt
of powers of the three parameters in (A-11), is of the form ξI(ξIσ)
n(σ/κ)m or ηRσ(ηRσ
2)n (is
proportional either to a produt of some powers of ξI and its derivatives, or to some power of ηR).
We will argue that suh terms are atually missing, so that the two terms of the lowest nonzero
order in σ are at the same time the leading terms. The nth term in the iterative expression for
XM is proportional to ∆
n
, that is, to Un0 . If we write U0 as
U0 =
∑
mn
AmAn+1(ψmψ
∗
n)R ∼
∑
ν
σ2ν
∑
µ≤ν
(ψ2µψ2ν−2µ−1)R,
we an see that in order that there exists a term in XM that assumes one of the two forms
mentioned above, there must exist at least one expression of the type (ψevenψodd)R whih assumes
the same form with skipped σ (sine any term in XM ontains at least one suh expression). The
ψ's an be written as
ψn ∼ in(Ψn + ξIΨn−1 + . . .+ ξn−2I Ψ2 + ξnI ),
where
Ψn ∼ iψ(n) + ψ(n1)ψ(n2) + iψ(n1)ψ(n2)ψ(n3) + . . . , ni ≥ 2,
∑
ni = n.
The terms in ψn ontaining only ξI and its derivatives are of the form i
nξmI ψ
(n1)
I ψ
(n2)
I . . ., with no
fator i ontributed by Ψm, thus the terms of the same kind in ψevenψodd are purely imaginary
and none of them appears in (ψevenψodd)R. The quantity ψn does not inlude terms ontaining
just ηR if n is odd, sine there is neessarily at least one odd derivative of ψ present in every
ontribution to Ψn in this ase, therefore the expression ψevenψodd does not inlude suh terms
either. Thus, there are no terms of the type ξnI /κ
m
or ηnR in (ψevenψodd)R, q. e. d. As a result,
the estimate of XM oinides with the estimate of XM2. However, one of its two terms an
be omitted if we note that |ξI | . 1/κ. (For a general dispersion relation we have ξI ∼ 1/κ,
and for speial dispersion relations we an have, when using the redued denition of ψ, also
|ξI | ≪ 1/κ.) This yields
XM ∼ 1
κ
ηRσ
2. (A-14)
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